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I n  a cubic  c lo se -packed  (c.c.p.) a s s e m b l y  of equa l  sphe re s  
each  s p h e r e  is s u r r o u n d e d  b y  i ts  f i rs t  c o o r d i n a t i o n  
p o l y h e d r o n  w h i c h  cons is t s  of 12 sphe re s  a t  t h e  ve r t i ce s  
of a c u b o c t a h e d r o n .  A s e c o n d  l aye r  of sphe re s  p a c k e d  
ove r  t h e  f i rs t  l aye r  is f o u n d  to  r equ i r e  42 sphe res  a n d  
in gene ra l  t h e  n t h  l aye r  cons is t s  of (10n~+2)  spheres .  

l~ig. 1. Stereogram showing the  t ransformat ion of a cub- 
octahedron to a regular icosahedron. The square faces ( I )  
become rhombs and  split each into two equilateral tri- 
angles ( 0 ) .  The t r iangular  faces (&) remain unchanged.  
The upper  hemisphere only is shown bu t  the  remaining 
faces can be generated by inversion in the centre. 

Fig. 2. I l lustrat ion of the  process by  which a cuboctahedron 
of 12 rigid rods, freely jo inted at  their  ends, (thin lines) 
can be moved  by rotat ions of its t r iangular  faces about  their 
normals  to give a regular icosahedron (thick lines and dot ted  
lines). I n  the  course of the  m o v e m e n t  each joint  moves 
in towards the  centre. 

R .  B u c k m i n s t e r  F u l l e r  ( p r i va t e  c o m m u n i c a t i o n ,  1962) 
has  p o i n t e d  o u t  t h a t  a c u b o c t a h e d r o n  (a ' v e c t o r  equi l ib-  
r i u m '  in  his  n o t a t i o n ) ,  o u t l i n e d  b y  r ig id  rods  j o i n t e d  
a t  t h e  12 ver t ices ,  can  be  d i s t o r t e d  in to  a r e g u l a r  icosa- 
h e d r o n  (and  f u r t h e r  in to  an  o c t a h e d r o n )  t h e  d i s t a n c e s  
f r o m  t h e  ve r t i ces  to  t h e  c e n t r e  c o n t r a c t i n g  u n i f o r m l y  
b y  5%.  E a c h  of t h e  s q u a r e  faces  sp l i t s  i n to  t w o  equi-  
l a t e ra l  t r i ang les .  Th i s  p rocess  is s h o w n  s t e r e o g r a p h i c a l l y  
in F ig .  1 a n d  o r t h o g r a p h i c a l l y  in  F ig .  2. T h e  s a m e  
t r a n s f o r m a t i o n  can  be  p e r f o r m e d  w i t h  a c u b o c t a h e d r o n  
of 12 spheres ,  e i t h e r  s u r r o u n d i n g  a c a v i t y  or  s u r r o u n d i n g  
a t h i r t e e n t h  s p h e r e ;  in t h e  l a t t e r  case n o  r ad ia l  con-  
t r a c t i o n  t a k e s  p lace .  

T h e  c o o r d i n a t i o n  p o l y h e d r o n  a b o u t  each  s p h e r e  in a 
h e x a g o n a l  c lo se -packed  (h.c.p.)  a r r a y  can  be  r e f e r r ed  to  
as a t w i n n e d  c u b o c t a h e d r o n  (TCO). I t  is o b t a i n e d  b y  
h a l v i n g  a c u b o c t a h e d r o n  w i t h  a p l a n e  para l l e l  to  a 
t r i a n g u l a r  face a n d  r e jo in ing  t h e  h a l v e s  a f t e r  a r o t a t i o n  
of 60 °. I f  t h e  two  t r i a n g u l a r  faces of a TCO p e r p e n d i c u l a r  
to  t h e  t r i a d  axis  a re  r o t a t e d  in t h e i r  o w n  p l a n e s  in  o p p o s i t e  
senses  a b o u t  th is  t r i a d  axis  b y  60 ° r e l a t i ve  to  each  o t h e r  
a r egu la r  i c o s a h e d r o n  is also o b t a i n e d .  

S u p p o s e  an  i c o s a h e d r o n  of 12 sphe res  a b o u t  a c e n t r a l  
sphe re  is s u r r o u n d e d  by  a s e c o n d  i cosahed ra l  shel l  

Fig. 3. The icosahedral packing of equal spheres. The th i rd  
layer (n--3)  is shown. On each t r iangular  face the  layers 
of spheres succeed each other  in cubic c lose-packing 
sequence. Each  sphere (not on an edge or vertex) touches 
only 6 neighbours,  3 above and 3 below and is separated 
by a distance of 5% of its radius from its 6 neighbours in 
the  plane of the  face of the icosahedron. The whole assembly 
of spheres can be dis torted by the  m o v e m e n t  described in 
Figs. 1 and 2 to cubic close packing in the  form of a cub- 
octahedron.  
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e x a c t l y  twice  t h e  size of t h e  f irst .  Th i s  shel l  wil l  c o n t a i n  
42 sphe re s  a n d  will  lie o v e r  t h e  f i rs t  so t h a t  sphe re s  will  
be  in  c o n t a c t  a l ong  t h e  f ive- fo ld  axes .  As  t h e  v e r t e x -  
c e n t r e - v e r t e x  ang le  in  a n  i c o s a h e d r o n  is a p p r o x i m a t e l y  
63 ° 26'  t h e  sphe re s  wil l  n o t  be  c l o s e - p a c k e d  in t h e  faces 
of t h e  i c o s a h e d r o n  b u t  wil l  be  s p a c e d  o u t  a t  i n t e rva l s  of 
1.05146 t i m e s  t he i r  d i a m e t e r s .  F u r t h e r  l aye r s  c an  be  
a d d e d  in t h e  s a m e  f a sh ion  t h e r e  be ing  (10n 2 + 2) sphe re s  
in  t h e  n t h  shel l  as for  t h e  c u b o c t a h e d r o n  (Fig. 3). T h e  
w h o l e  a s s e m b l y  can  be  t r a n s f o r m e d  to  cub ic  close- 
p a c k i n g  f r o m  th i s  i cosahed ra l  shel l  p a c k i n g  (i.s.p.) b y  
t h e  s a m e  r o t a t i o n  m e c h a n i s m  as t h a t  w h i c h  t r ans -  
f o r m s  t h e  i c o s a h e d r o n  to  t h e  c u b o c t a h e d r o n  a n d  v ice  
versa .  T h e  p a c k i n g  d e n s i t y  of t h e  i .s.p, m u s t  t he r e fo r e  
be  close to  t h a t  of t h e  c .c .p.  (0.74048) a n d ,  in v i ew of t h e  
n o n - c r y s t a l l o g r a p h i c  n a t u r e  of t h e  i .s.p, p a c k i n g ,  i t  is 
of i n t e r e s t  to  ca l cu la t e  it .  

/ 6 0  ° 

1 

63: 26' O~ 1 1 "05 

Fig. 4. The dis tor ted te t rahedron,  20 of which make  up an 
ieosahedron. The ver tex 0 is a t  its centre. 

T h e  u n i t  w h i c h  occurs  r e p e a t e d l y  in  t h e  s t r u c t u r e  is 
a d i s t o r t e d  t e t r a h e d r o n  w h i c h  is one  t w e n t i e t h  of a n  
i c o s a h e d r o n  (Fig.  4). T h e  t h r e e  edges  m e e t i n g  a t  t h e  
i c o s a h e d r o n  c e n t r e  are  of u n i t  l e n g t h  a n d  t h e  o t h e r  t h r e e  
are  e x t e n d e d  to  1.05146. I f  a u n i t  s p h e r e  is p l a c e d  a t  each  
v e r t e x  t h e  f r a c t i o n  of t h e  d i s t o r t e d  t e t r a h e d r o n  f i l led is 
0.72585 (as c o m p a r e d  w i t h  0.7797 for  a r e g u l a r  t e t r a h e -  
d ron) .  T h e  h o p e  of a t t a i n i n g  a p a c k i n g  d e n s i t y  of 0.74048 
w i t h  such  u n i t s  ( i n t e r spe r s ed  w i t h  o c t a h e d r a l  in t e r s t i ces  
w h i c h  a re  sti l l  m o r e  open)  is t h e r e f o r e  va in .  

I n  i .s.p, t h e r e  are  t h r e e  k i n d s  of p o s i t i o n s ;  sphe re s  
m a y  lie on  ver t ices ,  on  edges  or  in t h e  faces of t h e  icosa- 
h e d r a l  shells.  I n  t h e  n t h  shel l  t h e r e  are  12 sphe re s  of t h e  
f i rs t  k ind ,  30(n - 1) of t h e  s e c o n d  k i n d  a n d  10(n 2 - 3n ÷ 2) 
of t h e  t h i r d .  All  sphe re s  are  12 c o o r d i n a t e d ,  t h o s e  a t  
ve r t i ces  in  p e n t a g o n a l  p r i s m s  t e r m i n a t e d  b y  p y r a m i d s  
( p e n t a g o n a l  p y r a m i d a l  p r i sms) ,  t h o s e  on  edges  in  TCO 
a n d  t hose  on  faces in c u b o c t a h e d r a .  T h e s e  f igures  a re  n o t  
e x a c t l y  regu la r .  F r o m  t h e  c e n t r a l  s p h e r e  o u t w a r d s  t h e  
r a t io  of t h e  n u m b e r s  of o c t a h e d r a l  to  t e t r a h e d r a l  cav i t ies  
increases  f r o m  0 t o w a r d s  1/2. T o  c o u n t  t h e  n u m b e r  of 
sphe re s  in  a n  i c o s a h e d r o n  of a g i v e n  size t h e  sphe re s  
in i ts  su r face  m u s t  be  d i v i d e d  b e t w e e n  t h e  ins ide  a n d  t h e  
ou t s ide .  U s i n g  a s i m p l e  c o u n t i n g  s y s t e m  t h o s e  a t  t h e  
ve r t i ce s  m i g h t  be  c o u n t e d  as 5/20 inside,  t hose  on  edges  
as 2/5 ins ide  a n d  t hose  on  faces as 1/2 inside,  b u t  if t h e  
a c t u a l  sol id ang les  are  c a l c u l a t e d  a c c u r a t e l y ,  t h e  cor- 
r e s p o n d i n g  co r r ec t  va lue s  are  0.20965, 0.38386 a n d  1/2 
r e spec t i ve ly .  T h u s  a n  a s s e m b l y  of n i cosahedra l  shells  

a b o u t  a c e n t r a l  s p h e r e  c o n t a i n s  ( 10/3n 3 + 5n ~ + 11/3n + 1) 
sphe re s  of w h i c h  Cn=lO/3n3+O.15183n are  w i t h i n  t h e  
i c o s a h e d r o n  h a v i n g  a v e r t e x - t o - c e n t r e  d i s t a n c e  of n.  
T h e  p a c k i n g  dens i t i e s  of sphe re s  in a s sembl i e s  of in- 
c reas ing  size a re  g iven  in T a b l e  1. T h e  p a c k i n g  d e n s i t y  
•n is g i v e n  b y  Pn =~Cn/(6 × n  3 × 2.53615) =0"68818  + 
0 .03767n -2. T h e  dens i t i e s  h a v e  also b e e n  c a l c u l a t e d  for  
a s sembl i e s  w i t h  t h e  c e n t r a l  c a v i t y  e m p t y  a n d  these ,  
of course ,  t e n d  to  t h e  s a m e  l imi t  b u t  m o r e  s lowly,  
t h e r e  be ing  a t e r m  in  n -1. 

T a b l e  1. The packing densities of icosahedral packings with 
increasing numbers of shells 

Pn is the  densi ty  with a central  sphere and 
Pn" withou t  such a sphere 

Pn = Cn/n3 x 6 × 2"53615 
Pn'= (Cn-- 1)/(n--0.04894) a × 6 x 2.53615. 

N u m b e r  of 
Shell spheres Contents  Pn 

number  in shell Cn (density) pn, 
0 1 - -  - -  - -  
1 12 3"5158 0"72585 0"60378 
2 42 27"032 0"69760 0"72362 
3 92 90"547 0"69237 0"71935 
4 162 214"063 0"69053 0"71317 
5 252 417"579 0"68969 0"70864 
6 362 721"095 0"68923 0'70539 
7 492 1144"611 0"68895 0"70299 
8 642 1708"126 0"68877 0"70116 
9 812 2431-642 0"68865 0"69971 

10 1002 3335"158 0"68856 0"69856 
oo - -  - -  0"68818 0-68818 

I t  will  be  seen  f r o m  T a b l e  1 t h a t  t h e  d e n s i t y  of i.s.p. 
t e n d s  to  a v a l u e  of 0.68818 w h i c h  is h i g h e r  t h a n  t h a t  
for  b o d y - c e n t r e d  cub ic  p a c k i n g  (0.68017) b u t  lower  t h a n  
t h a t  for  c .c .p.  (0.74048) or  b o d y - c e n t r e d  t e t r a g o n a l  
p a c k i n g  (0-69813) (International Tables I I ,  p.  343). T h e  
l i m i t i n g  d e n s i t y  c an  be  f o u n d  d i r ec t l y  as fo l lows:  for  
la rge  v a l u e s  of n t h e  s ign i f icance  of edges  a n d  ve r t i c e s  
will  be  sma l l  a n d  t h e  sphe re s  in c .p.  l aye r s  para l l e l  to  
t h e  faces  will  p r e p o n d e r a t e .  T h e s e  l ayers  a re  d i l a t e d  b y  
a f a c t o r  of d = 1.05146 in t h e  p l a n e s  of t h e  faces  w h i c h  
en la rges  t h e  in te r s t i ces .  Th i s  enab les  a d j a c e n t  l aye r s  to  
f i t  m o r e  c losely  t o g e t h e r ,  t h e  i n t e r p l a n a r  s p a c i n g  be ing  
r e d u c e d  b y  (3-d2)1/22 -1/2. This  leads  to  a m u l t i p l i e r  of 
0.92937 w h i c h  m u s t  be  a p p l i e d  to  t h e  c .c .p,  d e n s i t y  of 
0.74048 to  g ive  t h e  r e s u l t i n g  d e n s i t y  of  0.68818 as  
before .  

W h a t  ha s  b e e n  de sc r i bed  is a n  a s s e m b l y  of sphe re s  
w h i c h  ha s  t h e  s y m m e t r y  of t h e  i cosahedra l  p o i n t  g r o u p .  
I t  h a s  a u n i q u e  c e n t r e  w h i c h  cou ld  be  l o c a t e d  f r o m  a n y  
p o i n t  in  t h e  a s s e m b l y  b y  fo l lowing  a s u i t a b l e  a l g o r i t h m .  
T h e  a s s e m b l y  is n o t  a l a t t i ce  ( a l t h o u g h  i t  h a s  l a t t i ce - l ike  
p rope r t i e s )  as t h e  sphe re s  do  n o t  all h a v e  i den t i ca l  
e n v i r o n m e n t s ,  b u t  c o o r d i n a t e s  cou ld  be  g i v e n  for  e v e r y  
s p h e r e  b y  a gene ra l  rule .  A t  la rge  d i s t ance s  f r o m  t h e  
c e n t r e  t h e  a s s e m b l y  a p p r o x i m a t e s  to  a c .c .p,  s t r u c t u r e  
u n i a x i a l l y  d i l a t e d  in d i r ec t i ons  in  a (111) p l a n e  w h i c h  
has  u n d e r g o n e  t w i n n i n g  b y  re f l ex ion  on  t h e  o t h e r  {111 } 
p l a n e s  w h i c h  a re  no  l onge r  p e r p e n d i c u l a r  to  t h r ee - fo ld  
a x e s .  

T h e  poss ib i l i ty  of t h e  n a t u r a l  o c c u r r e n c e  of i cosahedra l  
shel l  p a c k i n g  m i g h t  be  c o n s i d e r e d  b u t  t h e r e  are  severa l  
r easons  w h i c h  m a k e  i t  u n l i k e l y  t h a t  la rge  n u m b e r s  of 
a t o m s  m i g h t  be f o u n d  a r r a n g e d  in th i s  w a y :  
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(a) The densi ty  is less t han  t ha t  of c.c.p, and  the  
possibility of a t ransi t ion to the  la t ter  s t ructure  is thus  
likely as the simplicity of the  t ransi t ion mechanism has 
been demons t ra ted  above. Each  sphere (in a face) makes  
only 6 contacts  wi th  the 12 neighbours in its first co- 
ordinat ion sphere and  the spread of a displacement  is 
facil i tated. 

(b) As n increases the  ratio of pentagonal  pyramida l  
prism to cuboctahedron coordinat ion decreases. The 
chemical  propert ies of the  assembly would thus also 
have  to change wi th  n. 

(c) The layers parallel  to icosahedron faces are in a 
cubic s tacking sequence. The energy for hexagonal ly  
s tacked addit ions migh t  be almost  identical  and  any  
such stacking fault  would prevent  the icosahedral packing 
from continuing.  I t  is possible tha t  the inclusion of a 
small a tom wi th  a decided preference for icosahedral 
coordinat ion migh t  stabilize a nucleus from which a 
normal ly  cubic mater ia l  might  grow. 

J .  D. Bernal  (private communicat ion,  1960) has pointed 
to the  existence of a class of hierarchic structures,  in- 
definitely ex tended  in three dimensions, which are non- 
lat t ice packings.  The uni t  of packing is the a r r angemen t  
of 13 spheres as an icosahedron making  a quasi-spherical 
uni t ,  13 of which are packed  together  to make  a quasi- 
sphere of the  nex t  order. Te t rahedra l  units  are used to 
pack  the  interstices and as all smaller units  are available 
for packing the interstices be tween larger ~mits it is 

difficult to give simple rules for this packing.  However ,  
there  is a clear relationship be tween the  early stages of 
such a h ierarchy and  the  packing described above. 
Counting the  central  sphere as the zeroth layer,  the  
first three layers of Bernal 's  s t ructure  are the  same as 
in the i.s.p, described above. Looking a t  the  packing of 
the  layers parallel to the faces of the  core icosahedron 
the stacking sequence is ABCA ( that  is, c.c.p.). I f  the  
four th  layer  were B as in i.s.p, then  the  coordinat ion 
about  the spheres on the five-fold axes in the  layer  below 
(third layer) would be pentagonal  pyramida l  prisms, 
bu t  if the four th  layer  were C (stacking faul t  in hexagonal  
sequence) and  spheres were also placed on the  five-fold 
axis as before then  12 icosahedra (each of 13 spheres) 
would appear  round  the first icosahedron wi th  a te t ra-  
hedron  of 4 spheres filling each cavi ty  be tween 4 icosa- 
hedra .  The result ing solid of 279 spheres is thus  the 
second-order icosahedral uni t  described by  Bernal.  The 
outside shell is no t  close packed (i.s.p. would have  309 
spheres instead of 279) and, on a t t empt ing  to pack  these 
large units  together,  description of the  exact  position of 
each a tom becomes very  difficult. I t  is improbable t ha t  
the densi ty  can be kept  up even to the value of 0.68818. 

The au thor  wishes to acknowledge m a n y  s t imulat ing 
discussions wi th  Dr  Aaron Klug  in which suggestions by  
Prof. R. Buckmins te r  Ful ler  and Prof. J . D .  Bernal  
were developed. 
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C r y s t a l  d a t a  f o r  s o m e  5 a - p r e g n a n e  , o l - o n e s c c .  By  Do~IT~ A. NORTOS, CHI~ TAnG Lu, and  AN~ E.  
CA~PBEI~, Department of Biophysics, Roswell Park Memorial Institute, Buffalo, New York, U.S .A .  

(Received 4 April 1962 and 

Crystal  da ta  for seven 5c~-pregnane 'el-ones' have  been 
de te rmined  from goniostat-collected reciprocal latt ice 
measurements  using C u K ~  radiat ion.  Space groups 
were deduced from systemat ic  absences and  the fact 
t ha t  these compounds  are optically active. 

The n u m b e r  of molecules per  uni t  cell was calculated 
in the usual  way  using f loatat ion densi ty  measurements ,  

in revised form 16 April 1962) 

assuming no solvent of crystall ization.  Tha t  solvent  of 
crystal l ization (probably alcohol) is sometimes presen t  
in crystals of 5c~-pregnane compounds,  however ,  is 
indicated by the  discrepancies be tween  the  calculated 
and  measured  densities. 

The crystal  da ta  obta ined are given in Table 1. 

1. 5 a--pregnane--3fl--ol--20--one 
2. 5c~--pregnane-- l la--ol--3,  20--dione 
3. 5c~--pregnane--3fl--ol--ll ,  20--dione 
4. 5a--pregnane--17a,  21--diol--3, 11, 20--trione 
5. 5a--pregnane--3fl,  17a, 21-- t r io l - - l l ,  20--dione 
6. 5a--pregnane--3a,  llfl, 17a, 21--tetrol--20--one 
7. 5a--pregnane--3fl,  llfl, 17a, 21--tetrol--20--one 

* +0.004 A. 

Table 1. Crystal data 
1. 2. 3. 4. 5. 6. 7. 

Formula C21H340 2 C21H3203 C21H3203 C21H300 5 C211:~3205 C21~t3405 C21H3405 
iVIolecular wt. 318.48 332.5 332-5 362.45 364.47 366.48 366-48 

(g.cm. -3, meas.) 1.100 1.208 1.171 1.185 1.154 1.205 1-198 
(g.cm. -8, calc.) 1.061 1.206 1.173 0.991 1.041 1.278 1-214 

Z 4 4 4 2 4 4 8 

Space group P21 P2122 P21 P21 P21 P212121 P212121 
a (/~)* 13.485 10.667 17.546 16.525 11.545 12.539 14.061 
b (A)* 12.385 23.447 7.502 7.504 25.523 12-830 23.468 
c (A)* 12-114 7.320 14.637 9-820 8.447 11.686 11-995 
fl 99"88 ° - -  102"63 ° 94"50 ° 110.96 ° - -  - -  
V (A 3) 1993 1831 1880 1214 2324 1880 3958 

Solvent ethanol ethanol ethanol ethanol ethanol ethanol toluene 


